ABSTRACT The extracellular signal-regulated kinase (ERK) controls cellular processes by phosphorylating multiple substrates. The ERK protein can use the same domains to interact with phosphatases, which dephosphorylate and deactivate ERK, and with substrates, which connect ERK to its downstream effects. As a consequence, substrates can compete with phosphatases and control the level of ERK phosphorylation. We propose that this effect can qualitatively change the dynamics of a network that controls ERK activation. On its own, this network can be bistable, but in a larger system, where ERK accelerates the degradation of a substrate competing with a phosphatase, this network can oscillate. Previous studies proposed that oscillatory ERK signaling requires a negative feedback in which active ERK reduces the rate at which it is phosphorylated by upstream kinase. We argue that oscillations can also emerge even when this rate is constant, due to substrate-dependent control of ERK phosphorylation.
INTRODUCTION
The extracellular signal-regulated kinase (ERK)/ mitogen activated protein kinase (MAPK) pathway is organized around a cascade of three kinases: Raf, the topmost kinase in the cascade, phosphorylates and activates MAPK/extracellular signal-regulated kinase (MEK), which goes on to phosphorylate and activate ERK (1) . In contrast to MEK, which phosphorylates only ERK, ERK has multiple substrates, which enables it to regulate multiple cellular processes, such as expression of genes and remodeling of cytoskeleton (2) . ERK signaling has been associated with countless developmental events across species (3) (4) (5) (6) (7) . In adulthood, ERK regulates tissue homeostasis and repair (8, 9) , and has also been implicated in longevity, memory, and metabolism (10) (11) (12) .
Depending on cellular context, the ERK pathway can function as a rheostat, a switch, or an oscillator (13) (14) (15) (16) (17) (18) (19) . Here, we focus on the mechanisms underlying oscillations of ERK activity, which have been observed in two different experimental systems (20) . The emergence of oscillatory ERK activity is most commonly associated with negative feedback control (21) . For instance, ERK is known to phosphorylate Sos, a protein essential for Raf activation, reducing the rate of ERK pathway activation. In combination with time delay, which accounts for multiple steps of signal transduction from Raf to ERK, such negative feedback can lead to oscillations. In another system, such delayed negative feedback can be realized by transcriptional induction of negative feedback regulators, such as Sprouty (22) . In both of these cases, oscillations emerge as a consequence of ERK-dependent inhibition of positive input to the core pathway.
Here, we propose that ERK oscillations can also arise through a different mechanism that relies on substratedependent control of ERK phosphorylation. In this mechanism, ERK substrates compete with ERK phosphatases, due to the fact that substrates and phosphatase can bind to the same docking site on the ERK molecule (23) . Recently, substrate-dependent control of ERK phosphorylation has been documented both in vitro and in vivo (24, 25) . Based on the presented computational analysis, we suggest that this effect can lead to oscillations.
Our reasoning was based on a model network where ERK is regulated by opposing activities of ERK kinase and phosphatase and where, in addition, active ERK phosphorylates a substrate, thereby inducing its degradation ( Fig. 1 A) -a scenario that has been identified in several experimental systems (26, 27) . In this mechanism, substrate is synthesized at a constant rate and degraded via two pathways: constitutive (slow) and ERK-dependent (fast). In such a network, high levels of ERK activity, realized at high levels of ERK phosphorylation, would degrade most of the substrate, making active ERK more available to phosphatases. This would bring about reduction of the total level of active, double-phosphorylated ERK, reducing the ERK-dependent substrate degradation and therefore enabling the substrate levels to build up. As a consequence of substrate-dependent control of ERK phosphorylation, the increased substrate will compete with phosphatases and reduce the dephosphorylation rate of the doublephosphorylated ERK. This would, in turn, reduce the level of substrate expression, and so on, repeating the cycle of oscillations.
We use a mathematical model to demonstrate that this mechanism can generate robust periodic oscillations of ERK phosphorylation. Our model neglects several important aspects of ERK regulation in cells, including compartmentalization and feedback control (28) . At the same time, this model emphasizes the functional significance of competing docking interactions, which have been largely ignored in mathematical models of cell signaling. In the context of ERK signaling, computational studies and chemical reaction network theory approaches revealed that competing docking interactions can lead to bistability (29) (30) (31) (32) . In the case of bistability, different phosphostates of ERK compete for the enzymes regulating ERK. We demonstrate that competing docking interactions can also lead to oscillations. In this case, competition is among the binding partners of ERK. In our model, the emergence of oscillations depends on bistability, similar to the canonical van der Pol oscillator (33) . Thus, competing docking interactions provide a rich source of dynamic regimes in biochemical networks.
MATERIALS AND METHODS

Mathematical model
The model is based on the following network of reactions ( Fig. 1 A) :
M 0 , M 1 , and M 2 denote the unphosphorylated, monophosphorylated, and double-phosphorylated forms of the enzyme (ERK); E 1 and E 2 denote the kinase and phosphatase, which regulate this enzyme. C 1-4 denote the complexes comprising this enzyme and its binding partners. S is the substrate, synthesized at a constant rate and degraded by two pathways, one constitutive, and one dependent on M 2 . C 5 denotes the complex of M 2 and S. We assume that phosphorylated substrate, S*, does not interact with the enzyme and the rest of the species in the mechanism. As shown in Fig. 1 A, reactions R1-R4 comprise the enzyme regulation module. Reactions R5-R7 constitute the substrate degradation module.
Based on mass action kinetics, we obtain the following system of equations:
The total amounts of the enzyme (M), kinase (E1), and phosphatase (E2) are conserved:
Nondimensionalization
The system is rendered dimensionless by the following set of transformations:
Thus, time is rescaled by the timescale of binding to the phosphatase. Variables related to the free enzyme, either phosphorylated or unphosphorylated, are rescaled by the total amount of the enzyme. Complexes in the phosphorylation/dephosphorylation reactions are rescaled by total concentrations of kinase and phosphatase. Free substrate is rescaled by the steady concentration in the absence of the enzyme. Finally, the enzyme-substrate complex is rescaled by the total amount of the enzyme. Using the conservation equations, we obtain the following system (all parameters are defined in Table 1) :
The system in Eq. 1 corresponds to the full model, as we will refer to it in our subsequent discussions. For this model, we performed extensive parametric analysis and identified an oscillatory regime.
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Quasi-steady-state approximation and the reduced model
In the parameter regime where oscillatory behavior was discovered, it is useful to consider a related simplified model, which we will refer to as the reduced model. Specifically, when p 2 /0 (that is, when the total amount of phosphatase compared to the total amount of enzyme is very small), the quasi-steady-state assumption can be applied to the fast variables (C 1-4 ) in the full system, and the full system then reduces to the following reduced model:
The auxiliary model
The oscillations present in the full model are well approximated by the oscillations in the reduced model above. To rationalize the origin of the identified oscillatory behavior, and to visualize it in three dimensions, we constructed a three-variable auxiliary model. In this model, one of the variables in Eqs. 1 and 2-the substrate level s-is treated as a parameter. Later on, the one-parameter bifurcation diagram of this auxiliary model with respect to the parameter s will be used as a skeleton that helps us to understand the emergence of oscillations:
Numerical methods
Parametric analysis of steady states and limit cycles in the full and reduced models was done using continuation algorithms, implemented in AUTO (34) (35) (36) and MATCONT (37) (38) (39) .
RESULTS AND DISCUSSION
Overview of reaction network
The starting point for our analysis was provided by a mathematical model of a multisite phosphorylation cycle that controls ERK activity (31, 32) . In this model, ERK activation by MEK follows a distributive mechanism, where MEK dissociates from monophosphorylated ERK after the first phosphorylation. ERK activation requires a second phosphorylation, which depends on an independent binding to MEK. The distributive nature of the mechanism of ERK phosphorylation by MEK is supported by kinetic experiments with purified components (40, 41) . In another set of biochemical studies, it was demonstrated that ERK deactivation by phosphatases, such as MKP3, also follows a distributive mechanism (42) . Mathematical analyses of a network comprising distributive phosphorylation and dephosphorylation mechanisms revealed that they can exhibit bistability, an effect where, for the same set of operating conditions, the network can be found in two different, stable steady states (31, 43, 44) , (Fig. 1 B) . Which of the two steady states is realized depends on the starting composition of the mixture of ERK and its regulators.
In our study, the enzyme regulation system (the part of the network encircled by the green box in Fig. 1 A) provides an input to a second module, the substrate module (the part of the network inside the red box in Fig. 1 A) that describes substrate synthesis and degradation. Several substrates are known to be degraded in response to their phosphorylation by ERK. Note that this type of effect of ERK on its substrate is certainly not the only one possible. In fact, the lifetime of 
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several substrates, such as Fos, is increased when they are phosphorylated by ERK (45, 46) . Some of the most extensively characterized examples of ERK-dependent substrate degradation were provided by genetic and biochemical studies of gene regulation during Drosophila embryogenesis, where gene activation by ERK signaling depends on phosphorylation and degradation of transcriptional repressors (27, 47) . Recent experiments in the early Drosophila embryo revealed that several of these ERK substrates positively regulate ERK phosphorylation (25, 48, 49) . These motivate our analysis of a two-module network shown in Fig. 1 A.
The isolated substrate module (treating the level of the double-phosphorylated enzyme as a parameter) is monostable (Fig. 1 C) . Below, we demonstrate that oscillations can occur when this substrate-dependent control of ERK phosphorylation is linked to the bistability of the enzyme regulation module: the network comprising distributive phosphorylation and dephosphorylation mechanisms.
Identification of an oscillatory regime
Our identification of an oscillatory regime was guided by the van der Pol oscillator, which is based on a combination of a fast bistable system and a slow variable that switches the system between branches of two alternative stable steady states. This design has been identified in multiple biological oscillators, including cell cycle and calcium signaling networks (50, 51) . In our model, the role of the slow variable can be played by an ERK substrate. At high concentration (low level of its conversion by ERK), this substrate could stabilize the state with a high level of ERK phosphorylation. High ERK activity associated with this state increases substrate conversion, eventually leading to a switch to a state with low ERK phosphorylation.
To test whether this type of oscillation is indeed possible, we analyzed long-term dynamics in a model where an enzyme, which is controlled by two opposing distributive mechanisms, increases the degradation rate of a substrate, which is synthesized at a constant rate. A mass action kinetics description of this mechanism leads to a system of eight differential equations that describe the joint dynamics of chemical species in the model. After nondimensionalization, the model contains 18 dimensionless groups, each of which reflects ratios of characteristic concentrations and timescales in the underlying chemical mechanism (see Materials and Methods and Table 1 ).
To determine whether this model can support oscillations, we need to determine whether there exist values of the model parameters for which the long-term dynamics of the model has stable periodic solutions. Identification of parameter sets that support limit cycles is greatly simplified by the conceptual analogy with the van der Pol oscillator, where a subset of the full model exhibits bistability. In our case, this subset of the full model corresponds to the enzyme regulation module (Fig. 1 A) . Upon disconnecting this module from the downstream substrate degradation module, this subsystem has a smaller number of parameters (p 1 -p 13 in Table 1 ), which depend only on the concentrations of ERK and its regulators, and on the rates of binding and catalytic reactions within the ERK phosphorylation cycle (see Materials and Methods).
Based on the results of the previous studies, we could readily select parameter sets that support bistability in this module. These parameters are characterized by saturation of kinase/phosphatase regulating the enzyme and by asymmetry of the rate constants of catalytic reactions comprising the dual phosphorylation/dephosphorylation cycle (31, 32) .
At the next step, we explored the space of the remaining five components of the parameter vector (p 14 -p 18 ), to identify values that support oscillations. Using a combination of numerical solution of the model and its steady-state bifurcation analysis, we identified a domain that supports large amplitude limit cycles. These periodic solutions indeed correspond to the antiphase oscillations of the double-phosphorylated enzyme and substrate levels (Fig. 2) . The period of the identified periodic solution is determined by the timescale of constitutive substrate degradation, underscoring the fact that oscillations emerge due to substrate dynamics. 1.0e-1
Separation of timescales in the full model
The parameter regime for which we found oscillations displays a clear separation of timescales between different model subsystems. In fact, according to Table 1 , there are two successive gaps between three characteristic timescales, namely, the timescale corresponding to the change of the kinase/phosphatase in the enzyme regulation subsystem,
; the timescale corresponding to the change of the enzyme,
tot ); and the timescale corresponding to the constitutive degradation of the substrate, T S ¼ 1/k 6 in the substrate degradation module.
When
, there is a separation of timescales within the enzyme regulation subsystem, whose model equations correspond to the first six expressions in Eq. 1. This subsystem consists of two slow equations (the two equations for unphosphorylated and double-phosphorylated enzyme) and four fast equations (the four equations for the complexes of the enzyme with its kinase and phosphatase). In this regime, the unphosphorylated and double-phosphorylated enzyme evolve on a timescale that is slower than the respective complexes. In the limit p 2 /0, the pseudo-steady-state assumption can be applied to the complexes C 1-4 , so that the full system (Eq. 1) reduces to the reduced system (Eq. 2).
Furthermore, when
, there is an additional gap between the previous two timescales and the timescale corresponding to the constitutive degradation of the downstream substrate (S). In this regime, the free substrate and its complex with the double-phosphorylated enzyme evolve on a timescale that is slower than the upstream enzyme regulation subsystem.
Although we cannot guarantee that the existence of oscillations requires such a clear separation of timescales, such a hierarchy allows us to rationalize model behavior in terms of dynamic regimes of isolated subsystems. A similar separation of timescales is characteristic of relaxation oscillations, which are organized around a fast bistable subsystem and a slow subsystem that mediates transitions between branches of two alternative steady states.
Parametric analysis of steady-state and oscillatory solutions
In analyzing the parametric dependence and stability of the identified periodic solutions, we focused on two dimensionless parameters. The first of them, p 1 , which is proportional to the concentration of the activating kinase (E1), can be viewed as an input to the network. The second parameter, p 14 , is the ratio of the maximal concentration of the substrate to the total concentration of the various forms of the enzyme.
When p 14 is small, the influence from the downstream substrate degradation module to the upstream enzyme regulation module is small. Therefore, dynamics of the full model can be understood in terms of the behavior of isolated modules. For instance, when the enzyme regulation module is bistable, there are three possible steady-state values for the substrate level in the full system (Fig. 3 A) . The steady state with high substrate modification rate (low substrate level) corresponds to the state where most of the enzyme is in the active, double-phosphorylated form. A second stable steady state, with low substrate modification rate (high substrate level), corresponds to the state where most of the enzyme is in the unphosphorylated form.
The retroactive effect of the substrate on the enzyme regulation module can be explored using one-parameter continuation diagrams of steady states of the full model as a function of the parameter p 14 , which represents the loading level of the downstream substrate. Results of a representative one-parameter continuation are shown in Fig. 3, B and C, where we started in a bistable regime of the enzyme regulation module. As expected, at small values of the loading parameter the system is still bistable. At a critical value of p 14 , bistability is destroyed as the unstable steady-state branch (red dashed curve in the lower left of Fig. 3 B) collides with its adjacent stable steady-state branch and disappears in a saddle-node bifurcation, leaving the state with low substrate conversion as the unique steady state of the model. Upon subsequent increase of the loading parameter, this steady state undergoes a subcritical Hopf bifurcation, and is surrounded by a large amplitude limit cycle, where the system oscillates between high and low levels of enzyme phosphorylation.
Using continuation algorithms to follow the instabilities of steady states and oscillatory solutions, we constructed a twoparameter map for the long-term dynamics of the model. This map is partitioned into domains of oscillations, bistability, and unique steady states (Fig. 4) . Stable oscillations are realized at intermediate loading level (quantified by p 14 ) of the substrate. When the loading level is relatively low (compared to the magnitude corresponding to oscillations) the dynamics of the full model is close to the dynamics of the enzyme regulation subsystem, which functions as a bistable switch characterized by previous studies. At intermediate loading levels, substrate-dependent control of the enzyme phosphorylation leads to oscillations, where the enzyme phosphorylation is toggled between two, high and low, levels. In this diagram, beyond the critical substrate loading level, bistability is eliminated and the full model becomes monostable for all values of the model input (quantified by p 1 ).
The computed input/load diagram can be used to systematically explore how different dynamic regimes in the model depend on the values of original, dimensional problem parameters. As an example, let us discuss how the existence of oscillations depends on the timescale of substrate degradation T S ¼ 1/k 6 . According to the definitions of dimensionless parameters given in Table 1 , large values of T S correspond to high loading levels, a regime where oscillations disappear. For small values T S , the steady-state load is negligible and oscillations are again impossible. Thus, oscillations are realized for intermediate values of T S .
Connection between bistability and oscillations
Most of the inputs (p 1 ) that lead to oscillations correspond to bistability in the isolated enzyme regulation module. In fact, the emergence of oscillations can be rationalized by analyzing bistability of an auxiliary problem (see Eq. 3), where the substrate concentration is not a variable, but a parameter. Because the substrate acts as a competitive inhibitor of the phosphatase, high levels of the substrate would stabilize the state with high levels of enzyme phosphorylation. Upon slowly varying the substrate level, we observed a hysteresis in the level of enzyme phosphorylation (black curve in Fig. 5 A) .
For a chosen set of parameters, at low substrate concentrations, only a state with low enzyme activation (and high rates of dephosphorylation reactions) is stable. On the other hand, at high substrate concentrations, the only steady state corresponds to high enzyme phosphorylation. This bistability provides a skeleton for the oscillations in the reduced model (see Eq. 2) when substrate concentration is allowed to vary as a new, coupled, dependent variable. Indeed, a limit cycle of the reduced model spends a significant fraction of its time close to the steady-state hysteresis loop of the auxiliary problem (Fig. 5, A and B) .
To summarize, the identified oscillations are found in a regime where the isolated enzyme regulation module is bistable and there is a clear separation of timescales between substrate degradation and enzyme regulation. This conclusion is based on parametric analysis of periodic solutions.
In the future, it will be interesting to test whether this is a necessary condition for the emergence of oscillations. This can be accomplished using a combination of analytical and computational singular perturbation approaches (43, (52) (53) (54) .
CONCLUSIONS
ERK can use the same binding domains to interact with its substrates and regulators. This provides a basis for a number of competitive effects (23, 24, 55, 56) . As a consequence, Table 1 ERK substrates can compete with ERK phosphatases and control the level of ERK phosphorylation (24) . Experiments in cultured cells and in vivo demonstrate that such effects indeed exist and are of appreciable magnitude (24, 25, 57) . Here we use a mathematical model to suggest that substrate-dependent control of ERK phosphorylation can qualitatively change the dynamics of a biochemical network that controls ERK activation. On its own, this network can be either monostable or bistable (31, 32) . However, in a larger system, where active ERK accelerates the degradation rate of a substrate that competes with the ERK phosphatase, this network can give rise to self-sustained oscillations. During the time course of these oscillations, the system switches between states with low and high levels of substrate conversion.
The proposed mechanism of oscillatory ERK signaling is different from the previously described mechanisms whereby active ERK reduces the positive input to the ERK cascade (14, 20) . In contrast to the mechanism where active ERK reduces the rate at which ERK is phosphorylated by its upstream kinase, in our mechanism active ERK downregulates a substrate, which protects active ERK from dephosphorylation by phosphatase. Importantly, these oscillations are realized at a constant activity of the ERK kinase. In addition to this biochemical difference, the two mechanisms differ from the systems-level perspective: In all previous models, oscillations emerge due to a time delay between ERK activation and negative feedback at the level of the ERK activation cascade (13, 20, 21) . In our case, oscillations result from the retroactive interaction between ERK substrate and bistability of the ERK phosphorylation network.
Retroactivity is a term used to describe an effect whereby the downstream target of an upstream module changes the internal state of this module (54, 58, 59 ). In our case, an ERK substrate, which is commonly viewed as a downstream target of active ERK, changes the level of ERK phosphorylation, which is commonly believed to be controlled independently of ERK substrates. In our model, the ERK phosphorylation subsystem can be at most bistable, whereas the substrate synthesis/degradation subsystem has a unique steady state. Coupling of the two modules, realized by the reaction of ERK binding to its substrate, can generate a retroactive effect that leads to oscillations. From the nonlinear dynamics perspective, this effect is not surprising and fits the oscillatory mechanisms in other systems (60) . It is based on a bistable system coupled to a slow variable that switches the bistable system between the two stable branches of steady states.
Recent experiments in the early Drosophila embryo suggest that retroactive effects contribute to the spatial regulation of gene expression induced by ERK signaling (48) . Based on the computational studies in this article, we propose that retroactive effects can also regulate the dynamics of ERK signaling. We hope that our work will motivate future studies of retroactive effects in pathways where substrates of a signaling enzyme compete with its regulators. S.Y.S. thanks Boris Kholodenko and Mikhail Tsyganov for helpful discussions.
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